Parachute aerodynamics involves an interaction between the flexible, elastic, porous parachute canopy and the high speed airflow (relative to the parachute) through which the parachute falls. Computer simulation of parachute dynamics typically simplify the problem in various ways, e.g. by considering the parachute as a rigid bluff body. Here, we avoid such simplification by using the immersed boundary (IB) method to study the full fluid-structure interaction. The IB method is generalized to handle porous immersed boundaries, and the generalized method is used to study the influence of porosity on parachute stability.
Introduction
The purpose of this paper is to show that the immersed boundary (IB) method can be properly applied to the parachute problem and to demonstrate how the porosity of the parachute canopy affects the stability of parachute motion. The problem of parachute aerodynamics encompasses several of the most complex phenomena in classical fluid dynamics, such as porous bluff-body aerodynamics and highly deformable structures.
The cloth part of the parachute, which is called the canopy, acts as a bluff-body resisting a moving flow and changes its shape rapidly in response to the surrounding flow field, but the airflow that generates the aerodynamic forces depends on the shape of the parachute canopy. Thus, parachute aerodynamics is inherently a fluid-structure interaction phenomenon, and to express this requires the time-dependent position of the parachute as well as the usual variables that appear in the Navier-Stokes equation [4, 12, 14, 16] .
The IB method was developed to study flow patterns around heart valves, and is a generally useful method for problems in which elastic materials interact with a viscous incompressible fluid. In the IB formulation, the action of the elastic canopy immersed in the air flow appears as a localized body force acting on the fluid. This body force arises from the elastic stresses in the parachute canopy. Moreover, the parachute canopy is required to move at the local fluid velocity as a consequence of the no-slip condition. This condition is modified, however, in the case of canopy porosity, as described below. The central idea of the IB method is that the NavierStokes solver does not need to know anything about the complicated time-dependent geometry of the elastic boundary, and that therefore we can escape from the difficulties caused by the interaction between the elastic boundary and the fluid flow. This whole approach has been applied successfully to problems of blood flow in the heart [17, 18, 19, 20, 21, 23] , wave propagation in the cochlea [3, 6] , platelet aggregation during blood clotting [7] , and several other problems [1, 8, 9, 11, 27 ].
An interesting and important fact about the parachute problem is that it is a porous bluff-body motion. Because the purpose of a parachute is to provide drag, parachute fluid dynamics is irrevocably associated with the airflow around and through a bluff body. This bluff body naturally causes air flowing around the parachute to separate and induces vortex shedding [2] . But since the vorticity behind the bluff canopy shape usually is not symmetric and is too complicated to predict and control, it may affect canopy motion in an asymmetric way and induce an instability of the parachute motion [14] . The parachute canopy is generally equipped with a vent at its apex, which helps to control the inflation process and to stabilize the near-wake region. Even with an extremely small opening through the apex, the reduction of drag as well as the suppression of asymmetric wake oscillations are observed [10] .
Besides its central vent, a typical parachute also has a lot of gaps between ribbons or ringslots on its canopy that make it effectively a porous body. Air flow allowed to go through this porous body collides with and then suppresses large-scale vortex motion behind the canopy and helps to stabilize parachute motion. For more details concerning parachute design and the porosity effect, see [4, 12, 16] .
Besides demonstrating the application of the IB method to the parachute problem, it is the main purpose of this paper to give porosity to the parachute and investigate its effect on parachute movement. The real parachute has many discrete holes in the canopy that make it porous such as a vent at the apex of the canopy, and gaps between ribbons and ringslots. In the computation, however, it is impractical to resolve these holes individually. To do so would require that each hole be at least a few fluid meshwidths in diameter. Otherwise the hole would be effectively closed.
Thus a very fine mesh would be required. Instead of modeling each hole individually, we give the canopy as a whole a porosity which depends neither on the meshwidth of the boundary nor on that of the fluid.
The idea of how to do this comes from the fact that porosity reduces the drag force of fluid. The drag force is the most significant aerodynamic characteristic of the parachute, but a drag force produced by a porous body is smaller than when a body has no porosity. In the usual application of the IB method, the immersed boundary moves at the local fluid velocity. This is the familiar no-slip condition of a viscous fluid. In the case of a porous immersed boundary, however, we have to allow relative slip between the boundary and the surrounding fluid. This slip is only in the normal direction; the tangential no-slip condition still holds. We assume that the normal relative velocity is determined by Darcy's law [15] , i.e., that is proportional to the pressure difference across the boundary. Fortunately, there is no need to evaluate this pressure difference directly, since the IB method provides the force that the immersed boundary applies to the fluid, and the normal component of this force is proportional to the pressure difference across the boundary [23] . Thus we allow a relative slip between boundary and fluid, in the normal direction only, by an amount proportional to the normal component of the boundary force. The constant of proportionality is called the porosity.
Equations of Motion
We begin by stating the mathematical formulation of the equations of motion for a system comprised of a two-dimensional viscous incompressible fluid containing an immersed, elastic, massless, porous boundary.
Eqs (1) and (2) are the familiar Navier-Stokes equations for a viscous incompressible fluid. The constant parameters ρ and µ are the fluid density and viscosity, respectively. The unknown functions in the fluid equations are the fluid velocity, u(x, t); the fluid pressure, p(x, t); and the force per unit area applied by the immersed boundary to the (2-D) fluid, f (x, t), where x = (x, y) are fixed Cartesian coordinates, and t is the time.
Eqs (5)-(8) are the immersed boundary equations which are written in Lagrangian form. The unknown X(s, t) completely describes the motion of the immersed boundary, and also its spatial configuration at any given time. Other unknown functions of (s, t) that appear in the boundary equations are the unit tangent vector to the boundary, τ (s, t); the tension, T (s, t); force density at the boundary, F(s, t); and the unit normal to the boundary n(s, t) = τ (s, t) × e 3 , where e 3 is a constant unit vector normal to the plane of the (2-D) flow. The equation for the elastic tension T follows the Hooke's Law for a simple spring which resists both stretching and contracting with a linear constitutive relation but does not resist bending. But it could be easily generalized to include bending resistance or a more complicated nonlinear constitutive law.
Finally, we come to the interaction equations (Eqs (3) and (4)). These both involve the two-dimensional Dirac delta function δ(x) = δ(x)δ(y), which expresses the local character of the interaction. Eq (3) simply expresses the relation between the two corresponding force densities f (x, t)dx and F(s, t)ds. We can see this fact by integrating each side of Eq (3) over an arbitrary region Ω. It should be noted, however, that, in Eq (3), since δ(x) is the two dimensional Dirac delta function but integration is only over one dimensional boundary contour, f (x, t) is a singular function like a one dimensional delta function.
Eq (4) is the equation of motion of the immersed elastic boundary. It is explained as follows. First consider the special case λ = 0. Then Eq (4) is the familiar no-slip condition. In the first form of Eq (4), the expression u(X(s, t), t) is the fluid velocity evaluated at the boundary. This is rewritten in terms of the Dirac delta function in the second form of Eq (4). We do so in order to expose a certain symmetry with Eq (3), in which the force generated by the immersed boundary is re-expressed as a body force acting on the fluid. This symmetry is important in the construction of our numerical scheme. In the following discussion of porosity, however, we shall simply use the notation U(s, t) for the fluid velocity evaluated at the boundary point X(s, t),
Now consider the porosity of the immersed elastic boundary. (This discussion will be phrased in terms of the 2-D case, but of course a similar discussion could be made 
where n is the unit normal to the boundary pointing from side 1 towards side 2. The factor |
∂X(s,t) ∂s
| appears because |
|ds is the arc length of the segment (s, s + ds).
Setting these two expressions for the flux equal to each other, we get
But (p 1 − p 2 ) can be related to the normal component of the boundary force F(s, t).
The normal equilibrium of our massless boundary requires that
Combining these equations, we find
We also need a tangential component for the porous boundary condition. This is a complicated issue, see for example [3] , where a slip boundary condition is derived at the interface of a fluid and a porous solid. In that paper, the solid has isotropic porosity. Here we assume that the parachute canopy is a thin shell of porous material with pores oriented normal to the surface of the shell. Moreover, we assume that the pores have small diameter in comparison to their length (the thickness of the shell).
Under these conditions, the flow in each pore is normal to the surface of the canopy, so the tangential velocity of the flow in each pore is zero. Between the pores, we also have zero tangential velocity by the no-slip condition at a solid-fluid interface (see Figure 1 ). Combining these observations, it seems clear that the appropriate tangential boundary condition is the familiar no-slip condition, despite the porosity.
Then
which is equivalent to Eq (4), provided we set
A question that still remains is whether β and γ depend on |∂X(s, t)/∂s|. Recall that |∂X(s, t)/∂s| is the ratio of arc length to unstressed arc length, so it measures how stretched the material is. Intuitively, one would think that stretch would tend to increase either the number of pores or their conductance or both. Thus, one would expect βγ to increase with |∂X(s, t)/∂s| but in a manner that would be hard to determine a priori. Here we make the simple assumption that λ is independent of |∂X(s, t)/∂s|, i.e, that βγ is proportional to |∂X(s, t)/∂s| 2 . More information about the material would be needed to refine this assumption.
Numerical Method
We now describe a formally second-order IB method to solve the equations of motion [13, 22] . The word 'formally' is used as a reminder that this scheme is only secondorder accurate for problems with smooth solutions. Even though our solutions are not smooth (the velocity has jumps in derivative across the immersed boundary), the use of the formally second-order method results in improved accuracy, see [13] .
The specific formally second-order method that we use is the one described in [22] . In this method, each time step proceeds in two substeps, which are called the preliminary and final substeps. In the preliminary substep, we get data at time level
from data at n by a first-order accurate method. Then the final step starts again at time level n and proceeds to time level n + 1 by a second-order accurate method. This Runge-Kutta framework allows the second-order accuracy of the final substep to be the overall accuracy of the scheme.
We use a superscript to denote the time level. Thus X n (s) is shorthand for X(s, n∆t), where ∆t is the duration of the time step, and similarly for all other variables. Our goal is to compute updated u n+1 and X n+1 from given data u n and
Before describing how this is done, we have to say a few words about the spatial discretization. There are two such discretizations: one for the fluid and one for the elastic boundary. The grid on which the fluid variables are defined is a fixed uniform lattice of meshwidth h=∆x 1 =∆x 2 . Now we define the central difference operator D i , defined for i = 1, 2 as follows:
where e i is the unit vector in the i-th coordinate direction. As the notation suggests, the difference operator in i-th direction D i corresponds to the i-th component of the differential operator ∇. Thus Dp will be the discrete gradient of p, and D · u will be the discrete divergence of u.
We shall also make use the central difference Laplacian L.
The immersed boundary variables are defined as functions of s with meshwidths
The fluid mesh and the elastic boundary mesh defined above are connected by a smoothed approximation to the Dirac delta function. It is denoted δ h and is of the following form:
where x = (x 1 , x 2 ), and the function φ is given by
, if |r|≤1
The motivation and derivation for this particular choice is discussed in [19, 21] .
We are now ready to describe a typical timestep of the numerical scheme. The preliminary substep which goes from time level n to n + 1 2 proceeds as follows:
First, update the position of the massless boundary X
where n n is the unit normal to the boundary X n , and F n can be calculated from X n (see below). In general n = τ × e 3 in Eq (22), but τ is not defined at each boundary point. To overcome this, we use
and then get n n (s) = e 3 × τ n (s).
Next, we calculate the force density F (5)- (7):
Note that, since τ . Now we have to change this elastic force defined on Lagrangian grid points into the force at Eulerian spatial grid points to be applied in the Navier-Stokes equations.
With f n+ 1 2 in hand, we can turn to solving the Navier-Stokes equations.
for i = 1, 2, and
Note that the unknowns in Eqs (26) and (27) and that they enter into these equations linearly. Since all the coefficients of these equations are constants, the system of Eqs (26)- (27) can be solved by Fast Fourier Transform with the periodic boundary condition [19, 21] .
The final step is the correction of u First, using the fluid velocity u n+ 1 2 , we can find the boundary configuration X n+1 .
where n n+ 1 2 is the unit normal to the boundary X n+ 1 2 and can be obtained in the same manner as n n in the preliminary step.
The last thing that we have to do is to update the fluid velocity data.
Since we have now computed u n+1 and X n+1 , the timestep is complete.
Two-dimensional Parachute Model
In this section we introduce a 2-dimensional computational model of a parachute. We present the initial configuration of our model and display the physical and computational parameters which are used in the numerical experiments.
Consider the incompressible viscous fluid in a square box (0, 4m) × (0, 4m) with periodic boundary conditions (but see below) which contains an immersed elastic The most natural way to model a parachute would be to let it fall, under the influence of gravity acting on its payload, through air which would be at rest at a large distance from the parachute. Here, however, we either fix the payload at the point (2.0m,0.6m) or let it move freely with gravity and drive the air upwards. To keep the air flowing upwards, at each time step, we apply to the Navier-Stokes equation an external force
where h is the meshwidth and Ω 0 (h) is the set of grid points containing more than two grid lines on which we want to control the oncoming velocity. In the coarsest meshwidth, we choose two grid lines for Ω 0 (h) and, as the meshwidth becomes finer, Ω 0 (h) becomes bigger reversely. u 0 (t), which is called the oncoming velocity, is the desired velocity on those lines, and α 0 is a constant. When α 0 is large, the grid velocity is driven rapidly towards u 0 (t) within Ω 0 (h).
For the fixed payload case, for example, the oncoming velocity u 0 (t) is given by
))m/s). Here, in order to avoid the abrupt change of velocity field and then parachute configuration, we set the oncoming velocity as a function of time which is initially (0,0) but increases gradually up to a constant value (0,1.0m/s).
Although this method of specifying the oncoming velocity is crude, it is not quite as crude as one might think. we address here two concerns that may occur to the reader. First, Does the velocity field on Ω 0 (h) really match the oncoming velocity u 0 (t)? When we look closely at the velocity field in this region, we can see that the real velocity in this region quickly catch up with the oncoming velocity and becomes very close to it. Second, since the pressure is computed by solving a periodic problem, doesn't this result in unwanted interaction between the top and bottom of the domain?
To investigate this, we have compared the pressures above and below the lines on which the oncoming velocity is specified. After an initial transient, these pressures are actually anti-correlated, thus showing that the specified oncoming velocity has effectively broken the periodicity, as one would expect by considering, say, the effect of thin porous plug in a circular pipe.
The second simulation is done with the same parachute as before but we remove the tethered point and allow the payload to move. The point payload of our model has no direct effect on the fluid such as vortex shedding, and its movement is independent of the local fluid velocity around the payload. But it has a point mass M and therefore feels a gravitational force M g, where g is the downward acceleration (0, −g). Since the payload is also loaded by the stresses of two suspension lines, let T i (t), (i = 1, 2) be the tension of each suspension line and τ i (t), (i = 1, 2) be the unit vectors pointing from the payload to the two end points of the canopy, respectively, we then have the total force F p (t) acting on the payload,
Let the velocity of the payload be U p (t) and the position be X p (t), then we have the equations of motion:
In the fixed-payload case, the oncoming velocity was arbitrary, but with a free payload if we specify the oncoming velocity arbitrarily we shall find that it is either too small, in which case the parachute will fall out the bottom of the domain, or too large, in which case the parachute will rise out the top of the computational domain. To keep the parachute within the domain, and away from the meshlines on which the oncoming velocity is specified, we use a control mechanism to adjust the oncoming velocity in such a manner that the y-coordinate of the payload settles to a predetermined value. The equation governing this control mechanism is as follows:
In Eq (35), Y p (t) and V p (t) are obtained by taking the y-components of X p (t) and U p (t) from Eqs (33) and (34) respectively. The velocity (0, V 0 (t)) = u 0 is the oncoming velocity at time t, y target is the fixed value at which the y-coordinate of the payload is supposed to have its equilibrium, and k and σ are constant coefficients.
The equation says that if, at some time, the height of the payload Y p (t) is lower than the target position of the payload y target , the oncoming velocity increases, and if Y p (t) is greater than y target , the oncoming velocity decreases. But the change of the oncoming velocity is damped according to V p (t) in order to avoid large oscillations of the oncoming velocity. The coefficients k and σ are chosen so that the y-coordinate of the payload is stable around the target position y target . Note, however, that we allow the parachute to move out the side of the domain, in which case we should handle the data outside the domain by duplicating them into the domain in a periodic way.
The readers may wonder in the free-payload case, why we need an oncoming velocity at all. Why not use the periodicity to let the parachute fall out the bottom of the domain and reappear as it does so at the top? Aside from the interaction of the parachute with its own wake that would then occur, there is a more fundamental problem. Since the periodic domain contains only a finite mass of fluid to which a constant force (the weight of the payload) is applied, the total downward momentum of the system will increase linearly with time, and no terminal velocity will exist. We avoid this difficulty through the use of the oncoming velocity.
The overall performance of a parachute can be summarized by the relationship between the drag force it generates and the speed at which it is falling (relative to the air at a large distance from the parachute). The two types of computer experiments introduced above assess this relationship in different ways. When the payload is fixed in place and the oncoming velocity is arbitrary, then the speed of the parachute (relative to the distant air) is the independent variable, and the drag force is computed.
Indeed, the drag force can be determined simply by examining the tensions and angles of the suspension lines. When the payload is free and the oncoming velocity is adjusted to keep the parachute from falling or rising, then the drag force is the independent variable, since it has to be equal to the specified weight of the payload. In this case, the speed corresponding to the given drag force is just the equilibrium value of the oncoming velocity, as set by the control mechanism. Although we would expect to get the same steady-state relationship between speed and drag force from either type of computational experiment, the dynamics of the two cases could certainly be different. This is because the free-payload case has two additional degrees of freedom and one additional parameter (the payload mass), which might well be expected to influence the dynamics.
Two important parameters of our computational experiments are the initial tilt angle θ (defined in Figure 2 ) and the porosity λ (defined in Eq (16) and discussed 
above). An initial tilt angle is needed to break the left-right symmetry of the problem in order to explore the possibility that the symmetric configuration of the parachute may be unstable, and that the parachute may oscillate from side to side. If the symmetric configuration is linearly unstable, then any nonzero initial tilt angle will lead to such oscillations. But if it is only nonlinearly unstable, then there may be a threshold value of the initial tilt angle below which the parachute settles into a steady symmetrical configuration and above which it settles into a sustained sideto-side oscillation. The porosity λ is introduced in order to study its influence on the stability of the steady, symmetrical parachute configuration. To avoid numerical difficulties at the ends of the parachute canopy, we make λ a function of s that is constant at its maximum value near the center of the parachute canopy and then tapers smoothly to zero at the ends of the canopy. When we report a numerical value of λ, that refers to the maximum value. is a half-ellipse with semi-axes a and b. In our numerical experiments, the data that we vary are the porosity λ, the initial tilt angle θ, and the initial opening length 2a.
The ranges of these parameters are given in Table 1 .
Results and Discussion
We first verify that the computation of IB method for a porous boundary is robust and consistent. To do that, we choose a parachute with porosity coefficient λ = 0.09 when we refine the meshwidths h and ∆s by a factor of 2, the timestep ∆t is also reduced by the same factor.
The top of Figure 3 shows the x-coordinate of the midpoint of the parachute canopy about that of the fixed point as a function of time. This indicates how much a parachute deviates and oscillates from its symmetry. While the oscillations of parachute in three different meshwidths are very close to each other, the magnitude of the oscillations gets smaller in high resolution than in low resolution. This might be because the denominator |∂X(s, t)/∂s| 2 of porosity λ in Eq (16) The first simulation that we consider involves the process of parachute inflation, starting from a nearly closed configuration and studying the changes in shape of the parachute at early times, see Figure 4 . Of all the results that we consider, it is this one that shows most clearly the need for a method that can handle the unknown changes in shape of the parachute canopy. In the immersed boundary method, this is done without any re-gridding, since the canopy is represented in the fluid dynamics computation by a force field defined on a uniform grid. For alternative approaches, see [5, 25, 26] . Figure 4 shows the inflation of a parachute which has the payload tethered at (2.0m,0.6m) and has no initial tilt angle, and for which the porosity coefficient λ = 0 m 2 /(N·s) and the initial opening length 2a = 0.1 m. At the beginning of parachute inflation, the upper part of canopy is expanding more than the lower part. But air captured by the canopy finally applies enough pressure to inflate the parachute completely. After time proceeds beyond the last time shown in Figure 4 , the parachute moves stably without further change in its configuration.
An important theme of this paper is the relationship between porosity and stability. The effect of porosity on stability is investigated in Figures 5 and 6 . Each panel of Figure 5 is a graph showing the oscillation of the parachute which is defined as the difference between the x-coordinates of midpoint of parachute canopy and fixed point as a function of time. In the left-hand column, the initial tilt angle is θ = π/60, which we regard as a small perturbation from symmetry about a line x=2. In the right-hand column, a larger initial tilt angle (θ = π/6) is used. In each row of Figure   5 , the parachute canopy has a different porosity, beginning with λ = 0.0 (no porosity) at the top and increasing to 0.1 in the middle and 0.2 m 2 /(N·s) at the bottom.
The top row shows that the oscillating steady state (limit cycle) is unstable for a With this porosity, we can see the oscillation damped, and the parachute seems to be settling into the oscillating steady state (limit cycle). Finally, the bottom row suggests that the symmetrical steady state is globally stable for sufficiently high porosity, as almost no oscillations are seen in this case for either of the two initial conditions tried.
We have found that the transition point from the unstable motion to the oscil- The next result concerns the parachute with a moving payload instead of the fixed payload. As we discussed above, to prevent the parachute from leaving the computational domain, we use the oncoming velocity controlled by Eq (35). From Eqs (34) and (35), since In this relatively stable situation, which we can regard as y-directional stability, we now investigate the relation between the porosity and the x-directional stability of the parachute. Figure 2 and there is neither wind velocity nor vorticity. Figure 9 shows that the porous parachute settles into the oscillating steady state (second column) or symmetrical steady state (third column), but the parachute without porosity continues to oscillate in an unstable way. We can also observe that the no-porosity case has very large and asymmetric vorticity.
However, the parachute with porosity 0.1 has an oscillating vortex shedding, and the parachute with porosity 0.2 has a relatively symmetric vortex wake.
Summary and Conclusions
We have presented numerical experiments concerning the parachute problem in the two-dimensional case. Two basic configurations have been studied: one with a fixed payload in a prescribed updraft, and the other with a free payload in a controlled updraft, the controller being designed to adjust the updraft so that the parachute stays within the computational domain. The coupled equations of motion of the air and the flexible parachute canopy have been solved by the immersed boundary(IB) method. We have used this methodology to simulate the details of parachute inflation, and to study the influence of canopy porosity on the lateral stability of the parachute.
Future work will include the generalization to the three-dimensional case, and studies concerning the influence of wind shear on parachute dynamics.
